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Abstract 



In this paper we prove the theorem that there exists no 7-dimensional Lie group 
manifold Q of weak G2 holonomy. We actually prove a stronger statement, namely 
that there exists no 7-dimensional Lie group with negative definite Ricci tensor 
Ric/j. This result rules out (supersymmetric and non-supersymmetric) Freund- 
Rubin solutions of M-theory of the form AdS4 x Q and compactifications with non- 
trivial 4-form fluxes of Englert type on an internal group manifold Q. A particular 
class of such backgrounds which, by our arguments are excluded as bulk supergravity 
compactifications corresponds to the so called compactifications on twisted-tori, for 
which Q has structure constants t k u with vanishing trace t j u = 0. On the 
other hand our result does not have bearing on warped compactifications of M— 
theory to four dimensions and/or to compactifications in the presence of localized 
sources (D-branes, orientifold planes and so forth). Henceforth our result singles 
out the latter compactifications as the preferred hunting grounds that need to be 
more systematically explored in relation with all compactification features involving 
twisted tori. 
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1 Introduction 



Recently considerable attention has been devoted to flux compactifications of super-string 
theory or of M-theory, since they provide mechanisms to stabilize the moduli fields 
[37]. Within this context a particularly interesting class of flux compactifications is rep- 
resented by those on twisted-tori [H El EHl HH HU 123 123 123 EH 03 I3U This is 
the contemporary understanding of the Scherk-Schwarz mechanism pQ of mass generation 
from extra dimensions. As it was explained by Hull and Reid- Edwards [2TJ, twisted tori 
are just Lie group manifolds Q modded by the action of some discrete subgroup A C Q 
which makes them compact. 

A general pattern only recently elucidated is the relation between fluxes and gauge 
algebras. Upon dimensional reduction in the presence of fluxes one ends up with some 
lower dimensional gauged supergravity and a particularly relevant question is that about 
the structure of the gauge Lie algebra in relation with the choice of fluxes. Some years ago 
the authors of jlHj introduced the concept of embedding matrix and by means of it clas- 
sified all the J\f = 8 supergravity gaugings, originally studied in |HJI12j, were the electric 
group is taken to be SL(8, R) C E 7 ( 7 ). The very idea of embedding matrix proved to be 
very fertile and pivotal, yet the classification of [IU] was shown to be incomplete in |38*1 E?§] 
by proving that the hypothesis that the electric group be SL(8, K.) could be relaxed. In 
the same papers some new explicit examples of gaugings were also explicitly constructed. 
Later the authors of [13] obtained an elegant characterization of the embedding matrix 
as a suitable irreducible representation of E 7 ( 7 ) thus extending the action of the global 
symmetry group of the ungauged theory (also referred to as U-duality group) to gauged 
super gravities. This analysis was eventually applied to gauged five-dimensional maximal 
super gravities in |H1 Still later, from inspection of the low-energy description of 

various flux compactifications (either involving form-fluxes or "geometrical fluxes", i.e. 
background quantities related to the geometry of the internal manifold, like the "twist" 
tensor characterizing the twisted-tori), a precise statement about the relation between 
internal fluxes and local symmetries of the lower-dimensional effective supergravity was 
derived: the background quantities enter the lower-dimensional gauged supergravity as 
components of the embedding tensor, and thus they can be naturally assigned to rep- 
resentations of the U-duality group [2H] (a similar statement was made in the context 
of the heterotic string in [3]). Hence an obvious question is that relative to the gauge 
algebra emerging from flux compactifications on twisted tori. This question has been 
addressed in a recent series of papers [23 HE [23 EI] and it has been advocated that 
the gauge algebraic structures emerging in D = 4 supergravities which originate from 
this kind of M-theory compactifications, do not fall in the class of Lie algebras G, but 
rather have to be understood in the more general context of Free Differential Algebras. 
The algebraic structure that goes under this name was independently discovered at the 
beginning of the eighties in Mathematics by Sullivan jlH] and in Physics by the authors 
of [17J . Free Differential Algebras (FDA) are a categorical extension of the notion of Lie 
algebra and constitute the natural mathematical environment for the description of the 
algebraic structure of higher dimensional supergravity theory, hence also of string theory. 
The reason is the ubiquitous presence in the spectrum of string/supergravity theory of 
antisymmetric gauge fields (p-forms) of rank greater than one. The very existence of 
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FDA.s is a consequence of Chevalley cohomology of ordinary Lie algebras and Sullivan 
has provided us with a very elegant classification scheme of these algebras based on two 
structural theorems rooted in the set up of such an elliptic complex. 

In view of Sullivan's theorems one of the present authors analyzed in |3H] the results 
of [213 ESI EH EH] from the point of view of Chevalley cohomology. The goal was that 
of establishing the structure of the minimal FDA algebra M which emerges from twisted 
tori compactifications and relating its generalized structure constants to the fluxes, just 
in the spirit of the general relation between gaugings, i.e. embedding matrices and p-form 
fluxes explained above. The basic notion of minimal algebra is illustrated in the following 
way. 

As it was noted in FDA.s have the additional fascinating property that, as oppo- 
site to ordinary Lie algebras, they already encompass their own gauging. Indeed the first 
of Sullivan's structural theorems, which is in some sense analogous to Levi's theorem for 
Lie algebras, states that the most general FDA is a semidirect sum of a so called minimal 
algebra M with a contractible one C. The generators of the minimal algebra are phys- 
ically interpreted as the connections or potentials, while the contractible generators are 
physically interpreted as the curvatures. The real hard-core of the FDA is the minimal 
algebra and it is obtained by setting the contractible generators (the curvatures) to zero. 
The structure of the minimal algebra M, in turn, is beautifully determined by Chevalley 
cohomology of the underlying Lie algebra G. This happens to be the content of Sullivan's 
second structural theorem. 

By rephrasing all the equations of papers |2*o^l28|l2*^l l^T] in the framework of Chevalley 
cohomology and exploiting the underlying structure of a double elliptic complex, paper 
established the following result: 

Theorem 1.1 The minimal algebra M emerging in twisted tori compactification of M- 
theory, i.e. in compactifications on a 7 '-dimensional group manifold Q necessarily coincides 
with the Lie algebra G7 ofQ unless the internal flux gijKL of the 4- form defines a cohomo- 
logically non-trivial 4- cycle ofG^, namely unless gijKL^ 1 Ae J Ae K Ae L = A^ 0,4 ) e H^(G 7 ). 

It was actually proven in |lHj that in order to get a minimal algebra which is a proper 
extension of G7 on a certain background, A^ ' 4 -* e H^ 4 ^(G7) is just a necessary but not yet 
sufficient condition. Indeed it was proven the following 

Theorem 1.2 The necessary and sufficient condition for the minimal free differential 
algebra M to be a proper extension 0/G7, is that the A-form A^ 0,4 ) defined by the internal 
4-form flux should: 

a be cohomologically non trivial A^ ' 4 ) e ^{^(Gj) 

b its triple contraction should be a non trivial 1-cycle. Given a basis of cycles for each 
Chevalley cohomology group H^(G 7 ), and the pairing form < , >, this condition is 
expressed by: 

3r j6] G H (6) (G?) \ ^ (^o^o^A^rf) (1.1) 
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Hence paper j38j reduced the problem of establishing whether or not the minimal part 
of the FDA.s, that emerge from twisted tori compactifications of M-theory, involve 
forms other than the Kaluza-Klein vectors Wl, to the following three questions about 
7-dimensional Lie algebras G7: 

A Do 7-dimensional Lie algebras G7 exist which admit a constant rank 4 antisymmetric 
tensor gjjKL £ A adjGy which together with the Ricci 2-form of the same algebra 
Ric(G7) provides an exact solution of M-theory field equations? 

B If the answer to question [A] is yes, can A' 0,4 ] = guxL^ 1 A e J A e K A e L be chosen 
cohomologically non trivial, namely within H^ 4 )(G7) ? 

C If the answer to questions [A] and [B] is yes, can the 4-cycle A' 0,4 1 be chosen in such a 
way that it also satisfies the condition p.ljl ? 

In the present paper by using general classical theorems in Lie algebra theory we shall 
prove that the answer to question [A] is already negative so that questions [B] and [C] 
need not even be addressed. This is the no-go theorem announced by our title. Let us 
however immediately comment on the scope and bearings of our theorem. Indeed, we are 
quite conscious that the value of any negative result resides in a clear-cut presentation of 
the hypotheses and conditions under which it is derived. Only in this case the negative 
statement can be turned into a positive contribution by indicating the directions to be 
pursued in order to evade it. 

So let us immediately recall that by compactification of M-theory on a twisted torus 
we mean in this paper the same that was meant in [3H] and that was assumed in the series 
of papers (231231231211, namely a bosonic configuration of the M-theory light fields (the 
metric g^p and the three form A^^) such that the 11-dimensional manifold splits into the 
following direct product: 

M n = M 4 x Q/A (1.2) 

M.± denoting a four-dimensional maximally symmetric manifold whose coordinates we 
denote x M and Q a 7-dimensional group manifold whose parameters we denote y 1 . Let us 
denote by 
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e'Mdy 3 (1.3) 

the purely y-dependent left-invariant 1-forms on Q which, by definition, satisfy the 
Maurer-Cartan equations: 

de 1 = § t t jk e J A e K ; I, J, K = 4, ... 10 (1.4) 

r 1 jk being the structure constants of the Lie algebra G7: 

[Tj,Tj] = r K u T K (1.5) 

It is a constitutive part of what we understand by compactification that in any configu- 
ration of the compactified theory the eleven dimensional vielbein is split as follows: 

V r = E r (x) ; r = 0,1,2,3 , s 

V a = { K ' ' ' ' 1.6 

ya = $« J ( S ) (V + W^x)) ; a = 4,5,6,7,8,9,10 
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where E r (x) is a purely x-dependent 4-dimensional vielbein, W (x) is an x-dependent 
1-form on x-space describing the Kaluza Klein vectors and the purely x-dependent 7x7 
matrix $ a j(x) encodes part of the scalar fields of the compactified theory, namely the 
internal metric moduli. At the same time the 3-form is expanded as follows: 

A [31 = Cfj K (x) V 1 A V J A V K + A [ j ] j(x) A V 1 A V J + Bf (x) A V 1 + A® (x) 

(1.7) 

where V 1 = e 1 + W I (x), Cfj K (x) are x-dependent scalar fields, Ajj(x) are x-dependent 
1-forms Elf\x) are x-dependent 2-forms and finally A' 3 l(x) is an x-dependent 3-form. 
All of these forms are assumed to live on D = 4 space-time. From these assumptions it 
follows that the bosonic field strength is expanded as follows: 

F [4] = F [4] (x) + Fj 3] (x) A V 1 + F?}{x) A V 1 A V J 

+ F ijk( x ) AV 1 AV J AV K + Ff} KL (x) A^'aWa^A^ (1.8) 

where l4 _ (x) are x-space p-forms depending only on x. 

In bosonic backgrounds with space-time geometry (jl.2|) . the family of configurations 
(II. 6|) must satisfy the condition that by choosing: 

E r = vielbein of a maximally symmetric 4-dimensional space time (1-9) 



*'j{x) = 5 j (1.10) 

W 1 — (1.11) 

Ff\x) = F$(x) = Ffj K {x) = (1.12) 

F [4] (x) = ee rstu E r A E s A E* A E u ; (e = constant parameter) (1.13) 

Fukl( x ) = 9ukl = constant tensor (1-14) 



we obtain an exact bona fide solution of the eleven-dimensional field equations of M- 
theory. 

There are three possible eleven-dimensional backgrounds of this kind: 

{M.4 Minkowsky space 
dS4 de Sitter space (1-15) 
AdS 4 anti de Sitter space 

In any case Lorentz invariance imposes eqs. (jl.l()pi.lipi.l2"|) while translation invariance 
imposes that the vacuum expectation value of the scalar fields $ 7 j(x) should be a constant 
matrix 

<^ J (x)>=A I J (1.16) 

while the tensor Qukl should be a constant tensor as assumed in eq. ()1.14j) . The reason 
why we set Aj = 5 ! j is that any matrix A can be reabsorbed by a change of basis of 
generators of the Lie algebra and hence it corresponds to no new degrees of freedom. 

In this paper we shall prove that there are no G7 Lie algebras such that eq.s (jl .9111 .14]) 
lead to a bona fide solution of M-theory field equations with a cohomologically non-trivial 
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flux guKL- This, in view of our previous discussion, implies the no go theorem on FDA 
claimed above. The same result was obtained in [2U EH] from inspection of the scalar 
potential V of the dimensionally reduced theory. Indeed bosonic backgrounds of the kind 
we are considering, correspond to extrema of V. It was shown that the extremization of 
V with resect to the axions Cjjk implies the vanishing of the internal components Ffj KL 
of the 4-form field strength: 

f ukl = -9IJKL - -t M [ijC kl]m = (1-17) 

which in turn implies that guxi is cohomologically trivial. Still from inspection of V in 
jSH], solutions with de Sitter geometry (V > at the minimum) were ruled out, but no 
statement was made about the existence of anti-de Sitter vacua. In [22 the existence of 
super symmetric anti-de Sitter vacua was ruled out in a particular orientifold truncation 
of the maximally supersymmetric model. The output of our present analysis is two-fold: 
on one hand we give an alternative formal derivation of the triviality of guKL, making use 
of the aforementioned arguments, on the other hand we show that bosonic backgrounds 
of anti-de Sitter type (arising from Freund -Rubin type of compactifications) are not 
solutions of the theory. 

It should be noted that there are two main assumptions which could be possibly 
relaxed leading, may be, to different conclusions: 

1. We could introduce a warp factor. This means that in eq. (jl.6|) the first line could 
be replaced by 

V a = exp[y%)] E a {x) (1.18) 

where W(y) is some suitable function of the internal coordinates. In this case, 
however, the entire analysis of eq.s ()1.7|) and (jl.8j) in terms of Chevalley cohomology 
has to be reconsidered since the internal boundary operator d, defining such a 
cohomology, no longer annihilates the D = 4 vielbeins (dV a ^ 0). 

2. Our result applies to the field equations of M-theory without sources. Including the 
contribution of M2 or M5 branes one changes those equations by the addition of 
new terms whose bearing has to be considered. 

The token by means of which we shall prove our negative result is provided by the reduc- 
tion of the whole problem to a question of holonomy on the considered internal manifold 
M.7 (in our case the group manifold Q). Indeed as we explain in detail in section 121 a 
solution of M-theory field equations with a non-trivial internal flux does exist if and only 
if the internal 7-manifold .M7 is a Riemanian manifold of weak G2 holonomy[50. This is 
the new phrasing, in modern parlance, of the notion originally introduced at the beginning 
of the eighties by the authors of jSI] under the name of Englert manifolds. 

In view of this the final question will be whether 7-dimensional group manifolds of 
weak G2 holonomy do or do not exist. Compact coset manifolds S/1Z of the Englert type 
(weak G2 holonomy) were all classified and studied in the golden age of Kaluza Klein 
supergravity namely at the beginning of the eighties 1 . Yet group manifolds, possibly 

^ee |53| for a comprehensive review and the basic original literature for the various families of S/1Z 
spaces namely j^J|SSl|SHl for § 7 , [S7| for the squashed § 7 , for the M pqr spaces, [55] for Q pqr spaces, 
[5U| for the N pqr spaces and for the exhaustive classification of the remaining ones. 
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non-compact, have not been considered so far under this point of view. We shall be able 
to prove the: 

Theorem 1.3 7 '-dimensional group manifolds of Englert type, namely of weak G2 holon- 
omy do not exist. 

Using the interesting results of [HO] we will reformulate the condition of weak G2 holon- 
omy in terms of the irreducible G2 representation contents of the candidate structure 
constants r 1 ' JK of the Lie algebra G7. This leads to a parametrization of r JK in terms of 
91-parameters. We should now impose Jacobi indentities and find how many solutions 
survive. This turns out to be algebraically too difficult. Yet we can use a different power- 
ful argument. If a Lie algebra of weak G2 holonomy existed its Ricci tensor Ric 7 j 2 would 
be proportional to the identity matrix with a positive coefficient. We can instead prove 
that for all possible 7-dimensional Lie algebras the Ricci form Ric 7 j has an indefinite 
signature admitting at least one negative or null eigenvalue. 
Our paper is organized as follows 

In section 121 we analyze M-theory field equations and the notion of weak G2 holon- 
omy. We show that this is identical to the notion of Englert manifold introduced in the 
literature on Kaluza Klein supergravity two decades ago and we demonstrate that this is 
the necessary and sufficient condition in order to find solutions with an internal flux. 

In section El we reformulate the notion of weak G2 holonomy in terms of representation 
theory. 

In section E] we prove our main no-go theorem. 
Section El briefly summarizes our conclusions. 

Appendix El contains several details on G2 invariant forms, projection operators and 
irreducible tensors. 

Appendix IE] contains a classification of seven dimensional algebras with either SO(3) 
or SO(l,2) Levi subalgebras. These classifications are utilized in the proof of our main 
no-go theorem. 

2 M-theory field equations and 7-manifolds of weak 
G2 holonomy i.e. Englert 7-manifolds 

In the recent literature about flux compactifications a geometrical notion which has been 
extensively exploited is that of G-structures. 

Following, for instance, the presentation of jH2] , if n is a differentiable manifold of 
dimension n, TM. n — > M. n its tangent bundle and FM. n — > Ai n its frame bundle, we 
say that Ai n admits a G-structure when the structural group of FA4 n is reduced from 
the generic GL(n, R) to a proper subgroup G C GL(n, R). Generically, tensors on A4 n 
transform in representations of the structural group GL(n, R). If a G-structure reduces 

2 In our conventions the curvature tensor is —1/2 times the definition which is traditionally adopted 
in the literature on General Relativity, so that for instance the Ricci tensor Ric/j of a sphere is negative 
definite. Moreover we use the "mostly minus" convention for the metric, so that the internal manifold 
has a negative definite metric. 
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this latter to G C GL(n, R), then the decomposition of an irreducible representation of 
GL(n, R), pertaining to a certain tensor t p , with respect to the subgroup G may contain 
singlets. This means that on such a manifold M. n there may exist a certain tensor t p 
which is G-invariant, and therefore globally defined. As recalled in [H2] existence of a 
Riemannian metric g on A4 n is equivalent to a reduction of the structural group GL(n, R) 
to O(n), namely to an 0(n)-structure. Indeed, one can reduce the frame bundle by intro- 
ducing orthonormal frames, the vielbein e 1 , and, written in these frames, the metric is the 
the O(n) invariant tensor 5jj. Similarly orientability corresponds to an SO(n)-structure 
and the existence of spinors on spin manifolds corresponds to a Spin(n)-structure. 

In the case of seven dimensions, an orient able Riemannian manifold MI7, whose frame 
bundle has generically an SO (7) structural group admits a G2-structure if and only if, in 
the basis provided by the orthonormal frames e 1 , there exists an antisymmetric 3-tensor 
4>uk satisfying the algebra of the octonionic structure constants: 

9ABK <PCDK — is AB - 3 <p A BCD 
— q^IJKABCD^ABCD = 4>IJK (2.1) 

which is invariant, namely it is the same in all local trivializations of the SO(7) frame 
bundle. This corresponds to the algebraic definition of G 2 as that subgroup of SO (7) 
which acts as an automorphism group of the octonion algebra. Alternatively G2 can be 
defined as the stability subgroup of the 8-dimensional spinor representation of SO (7). 
Hence we can equivalently state that a manifold Ai 7 has a G2-structure if there exists 
at least an invariant spinor 77, which is the same in all local trivializations of the Spin(7) 
spinor bundle. 

In terms of this invariant spinor the invariant 3-tensor 4>uk has the form 3 : 

(friJK = \rj T IukV (2.2) 

and eq. (|2.2jl provides the relation between the two definitions of the G2-structure. 

On the other hand the manifold has not only a G2-structure, but also G2-holonomy 
if the invariant three-tensor <Pabk is covariantly constant. Namely we must have: 

= V(p A BK = d(j) ABK + 3u P[I <j)j K ]p (2.3) 

where the 1-form u AB is the spin connection of M. 7 . Alternatively the manifold has 
G2-holonomy if the invariant spinor rj is covariantly constant, namely if: 

3 77 G T(SpmM 7 ,M 7 ) \ = Vr] =dr]-\uj IJ -hjT] (2.4) 

where 7/ (/ = 1, . . . , 7) are the 8x8 gamma matrices of the SO (7) Clifford algebra. The 
relation between the two definitions ()2.3j) and ()2.4)1 of G2-holonomy is the same as for the 
two definitions of the G 2 -structure, namely it is given by eq. ()2.2J) . As a consequence of 
its own definition a Riemannian 7-manifold with G2 holonomy is Ricci flat. Indeed the 
integrability condition of eq. ()2.4|) yields: 

Kj£jABV = (2.5) 

3 For more details on the G2-formalism see appendix 1X1 
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where TZ A § is the Riemann tensor of M.j. From eq. ()2.5|> . by means of a few simple 
algebraic manipulations one obtains two results: 

• The curvature 2-form 

TZ AB = Kj* e J A e K (2.6) 
is G 2 Lie algebra valued, namely it satisfies the condition 4 : 

<P IAB TZ AB = (2.7) 

which projects out the 7 of G 2 from the 21 of SO(7) and leaves with the adjoint 14. 

• The internal Ricci tensor is zero: 

Kj& = (2.8) 

Next we consider the field equations of M-theory [OS], which we write here with the 
notations and the conventions of 



n — T) TpmciC2C 3 j ,c 1 c 2 c 3 ai...a 8 77i rp /o q\ 

u — 1 ~r nr , c 1 ai...04 1 as. ..as v^ -3 / 

9o 

jj*^ = eF^^^^ _ i^f^^^^ (210) 

where hatted indices run on eleven values and are flat indices. We make the compactifi- 
cation ansatz: 

M n = M 7 x M 4 (2.11) 

where M.± is one of the three possibilities mentioned in eq. ()1.15J) and all of eq.s p.10Hl.14j) 
hold true. Then we split the rigid index range as follows: 

= ^ a, b, c, . . . = 4, 5, 6, 7, 8, 9, 10 = M 7 indices ^ ^ 



r, s,t, ... =0,1,2,3 = A^4 indices 



and by following the conventions employed in [5EJ and using the results obtained in the 
same paper, we conclude that the compactification ansatz reduces the system ()2.9I2.10|) 
to the following one: 

R rs tu = AC (2-13) 
TIjk = 3**5 (2-14) 

Frstu &^rstu (2-15) 

9IJKL = fFlJKL (2.16) 

T A1JK Tbijk = tiSi (2.17) 
V M Tmijk = \etuKPQRS F PQRS (2.18) 

recall that we use capital latin indices to label the internal coordinates. Eq. ()2.14j) 
states that the internal manifold A4 7 must be an Einstein space. Eq.s (12.15)1 and (|2.1fij) 

4 See appendix 1X1 for details on G2 decomposition of SO (7) representations 
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state that there is a flux of the four-form both on 4-dimensional space-time .M4 and on 
the internal manifold M.7. The parameter e, which fixes the size of the flux on the four- 
dimensional space and was already introduced in eq. (jl.l3j) . is called the Freund-Rubin 
parameter [HI]. As we are going to show, in the case that a non vanishing J^ AIJK is 
required to exist, eq.s (j2.17|) and (j2.18|) . are equivalent to the assertion that the manifold 
Ai-i has weak G2 holonomy rather than G2-holonomy, to state it in modern parlance [oTIl. 
In paper jSI], manifolds admitting such a structure were instead named Englert spaces 
and the underlying notion of weak G2 holonomy was already introduced there with the 
different name of de Sitter SO(7) + holonomy. 

Indeed eq. fl2.18j) which, in the language of the early eighties was named Englert equa- 
tion 6J>] and which is nothing else but equation f|2.9|) . upon substitution of the Freund 
Rubin ansatz ()2.15j) for the external flux, can be recast in the following more revealing 
form: Let 

$* = TuKLe 1 A e J A e K A e L (2.19) 
be a the constant 4-form on Ai 7 defined by our non vanishing flux, and let 

$ = ±e ABC ijKLFuKLe A A e B A e c (2.20) 

be its dual. Englert eq. (|2.18|) is just the same as writing: 

d$ = 12 e$* 

d$* = (2.21) 

When the Freund Rubin parameter vanishes e = we recognize in eq. (|2.21j) the statement 
that our internal manifold M.7 has G2-holonomy and hence it is Ricci flat. Indeed $ is the 
G2 invariant and covariantly constant form defining G2-structure and G2-holonomy. On 
the other hand the case e 7^ corresponds to the weak G2 holonomy. Just as we reduced 
the existence of a closed three-form $ to the existence of a G2 covariantly constant spinor 
satisfying eq. (|2.4|) which allows to set the identification (|2.2|) . in the same way eq.s (|2.21j) 
can be solved if and only if on there exist a weak Killing spinor rj satisfying the 
following defining condition: 

T>ji] = me'-firj (2.22) 

where m is a numerical constant and e is the Freund-Rubin parameter, namely the only 
scale which at the end of the day will occur in the solution. 

The integrability of the above equation implies that the Ricci tensor be proportional 
to the identity, namely that the manifold is an Einstein manifold and furthermore fixes 
the proportionality constant: 

1Z IM JM = 12 m 2 e 2 8 T j — >z/=12m 2 e 2 (2.23) 
In case such a spinor exist, by setting: 

guKL = Tijkl = V T 7uklV = M<f>* IJKL (2.24) 
we find that Englert equation (J2.18|) is satisfied, provided we have: 




(2.25) 
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In this way Maxwell equation, namely ()2.9j) is solved. Let us also note, as the authors 
of [ST] did many years ago, that condition ()2.22|) can also be interpreted in the following 
way. The spin-connection to AB plus the vielbein e c define on any non Ricci flat 7-manifold 
M7 a connection which is actually SO (8) rather than SO (7) Lie algebra valued. In other 
words we have a principal SO (8) bundle which leads to an SO (8) spin bundle of which rj 
is a covariantly constant section: 

= v so(8) ?? = V so(7) - mee'^r] (2.26) 

The existence of r\ implies a reduction of the SO(8)-bundle. Indeed the stability subgroup 
of an SO (8) spinor is a well known subgroup SO(7) + different from the standard SO (7) 
which, instead, stabilizes the vector representation. Hence the so named weak G2 holon- 
omy of the SO(7) spin connection uj ab is the same thing as the SO(7) + holonomy of the 
SO(8) Lie algebra valued de Sitter connection {uj ab , e c } introduced in [21] and normally 
discussed in the old literature on Kaluza Klein Supergravity. 

We have solved Maxwell equation, but we still have to solve Einstein equation, namely 
()2.10|) . To this effect we note that: 

Tbijk T AI3K = 24 5 a => n = 24 (2.27) 

and we observe that eq. (|2.10j) reduces to the following two conditions on the parameters 
(see [3Hj for details) : 

§A = -(24e 2 + ^/ 2 ) 

3i/ = 12e 2 + f/x/ 2 (2.28) 
From eq.s ()2.28|) we conclude that there are only three possible kind of solutions, 
a The flat solutions of type 

M u = Mink 4 ® (2.29) 
Ricci flat 

where both D = 4 space-time and the internal 7-space are Ricci flat. These compact- 
ifications correspond to e = and F IJKL = =>- Qijkl = 0. In this category fall 
the typical twisted tori compactifications which implement the Scherk and Schwarz 
mechanism but do not support any internal flux. So, in view of the results of [48J, 
they cannot lead to any FDA in D = 4 with minimal subalgebra larger than G7. 

b The Freund Rubin solutions of type 

Mu = AdS 4 ® (2.30) 
Einst. manif. 

These correspond to anti de Sitter space in 4-dimensions, whose radius is fixed by 
the Freund Rubin parameter e / times any Einstein manifold in 7-dimensions 
with no internal flux, namely Qijkl = 0. Once again, in view of [48J, also these 
compactifications lead to FDAs in D = 4 which have G7 as the minimal part. 
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c The Englert type solutions 

Mu = AdS 4 ® M^ (2.31) 

Einst. manif. 
weak G2 hoi 

These correspond to anti de Sitter space in 4-dimensions (e 7^ 0) times a 7- 
dimensional Einstein manifold which is necessarily of weak G2 holonomy in order 
to support a consistent non vanishing internal flux guxi- These are the only pos- 
sible candidate compactifications for the generation of FDA in D = 4 in which the 
minimal part is a proper extension of G7. In the sequel we concentrate on Englert 
solutions. 

In view of the previous discussion we set Tukl 7^ and we complete the analysis of our 
parameter equations, just recalling the results presented in [58] . Combining eq.s ()2.28|) 
with the previous ones we uniquely obtain: 

A = -30e 2 ; / = ±± e (2.32) 

Summarizing, provided, the manifold Mr has weak G2 holonomy, namely provided there 
exist a weak Killing spinor, satisfying the condition: 

V IV =-§ e7j?? (2.33) 

we obtain a pair of G2 forms : 

$ = (fruKe 1 Ae J Ae K = \rj T 7^77 e 1 A e J A e K 

$* = (f)* JKL e 1 A e J A e K A e L = ^rf j ijkl tj e 1 A e J A e K A e L (2.34) 
satisfying the condition 

d$ = 12e<l>* (2.35) 

In this case a unique consistent Englert solution of M-theory with internal fluxes is ob- 
tained by setting 

R rs tu = -30 e 2 82 (2.36) 
Tlf K = 27 e 2 5] (2.37) 

Frstu G-^rstu (2.38) 

F UKL = 12e<j>* IJKL (2.39) 

It must also be noted that equation ()2.37|) is not an independent condition but, according 
to the previous discussion is a consequence of eq. (|2.35l) . 

As we already mentioned in the introduction there exist several compact manifolds of 
weak G2 holonomy. In particular all the coset manifolds S/1Z of weak G2 holonomy 
were classified and studied in the Kaluza Klein supergravity age [HZ1 EE EHl HH1 EI] 
and they were extensively reconsidered in the context of the AdS/CFT correspondence 
E3 EE EH1 IZOl ■ No one so far formulated and answered the question whether there 
exist 7-parameter Lie group manifolds Q of weak G2 holonomy. In the next sections we 
address such a question and we obtain a negative answer. No such Lie group manifold 
exists. 
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3 Group theoretical reformulation of weak G2 holon- 
omy at the spin connection level 

Let us address in this section the question whether there are twisted torii of weak G2 
holonomy, namely non semisimple group manifolds with such a property. To this effect 
a very useful result was obtained in paper [SU] where it was shown that equation ()2.35|) 
is fully equivalent to a condition imposed directly on the spin connection of the internal 
manifold, namely: 

<f) IJK uj JK =qe ! ; withg = -6e (3.1) 

This reformulation is very useful because can be immediately translated into a group 
theoretical language. In order to satisfy eq. (|3.1|) we can just set: 

u IJ = ufy + Qq<p IJK e K (3.2) 

where is a one-form valued in the 14-dimensional representation of G2, namely in 
the adjoint. Being a one-form it can be expanded along the vielbein and we can write: 

wfi,=S#e* (3.3) 

Group theoretically the tensor uj 1 ^ is in the product of the 14 with the 7 and we have 
the decomposition: 

14x7 = 64 ©27 ©7 (3.4) 

Hence, a priori, the spin connection of a weak G2 holonomy manifold can be parametrized 
with the above irreducible G2 tensors. Let us however suppose that our manifold is a group 
manifold, characterized by the Maurer Cartan eq.s p. 41 ) satisfied by the seven vielbein 
where t 1 jk are the structure constants of a seven dimensional Lie algebra spanned by 
generators {Tj} which are dual to the 1-forms e 1 : 

[Tj , Tj] = r K u T K & e 1 (Tj) = 8 j (3.5) 

Let us furthermore suppose that the above Lie algebra is volume preserving, namely 
satisfies the additional condition: 

t\ k = (3.6) 

which was assumed both in the series of papers [23 123 123 EH] , and in jlH]- I n this case the 
representation 7 is suppressed in the decomposition (|3.4j) . Indeed, the spin connection, 
defined by: 

de 1 + uj ij A e J = (3.7) 
turns out to be related to the structure constants by the simple formula: 

t'ab = "a ~ < (3-8) 

and equation (|3.6|) simply states that the representation 7 is not present. 

If instead we do not make this assumption we still have to add a seven dimensional 
representation. In any case by means of this argument the problem is reduced to its 
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algebraic core. In appendix[X]we recall how the 64 and 27 representations are constructed 
in terms of tensors satisfying certain G2 invariant constraints. These constraints can also 
be algebraically solved (we did it with a computer programme in MATHEMATICA) and 
the corresponding tensors parametrized by 64, respectively 27 independent parameters, 
denoted £' (i — 1, . . . , 64) and a 1 (i — 1, ... , 64) are named (£) and U A 2 BI (a). 111 

terms of these latter we can write an ansatz for the spin connection: 

^ B = H^ i ^) + U f B \{a) + Q q <p ABI (3.9) 

B 

which, through the simple formula ()3.8j) . leads to an ansatz for the corresponding can- 
didate structure constants t j ab (£, a, q) depending on the 91 parameters (£, a) plus the 
parameter q. As long as q 7^ we are guaranteed to have weak G 2 holonomy. The prob- 
lem is that, in order to define a true Lie algebra, the r 7 AB (^,a,g) should satisfy Jacobi 
identities: 

T J [AB {i,OL,q)T J C[I {^a,q) = (3.10) 

So we should solve the quadratic equations ()3.1()|) and find out how many of the 91 
parameters remain free. These, modulo G2 rotations, will span the space of 7-dimensional 
Lie algebras of weak G2 holonomy. At first sight 91 seems a quite comfortable number 
and one might expect to find not just one but several solutions. Yet Lie algebras are 
tough cookies and the real case is just the opposite. No solutions do exist. A direct proof 
by solving the quadratic equations ()3.1()j) is conceivable but certainly requires a lot of 
computer time. We can however reach the same result by focusing on the Ricci tensor 
defined by the spin connection (|3.8|) . The Ricci form, if the algebra had weak G2 would 
be proportional to a Kronecker delta and so, in particular positive definite. In the next 
section, by exploiting structural Lie algebra theorems we will be able to prove that this 
cannot happen. 

4 The Ricci tensor of metric Lie algebras and the 
main no-go theorem 

The main object of study in the present section is the Ricci tensor of a group manifold 
Q, whose Lie algebra G7 is characterized by the structure constants t ! ab , alternatively 
defined by the commutation relations ()3.5j) or by the Maurer Cartan equations (jl.4j) . The 
metric of the manifold is given by: 

ds 2 g = Vue 1 ® e J (4.1) 

where rju is the flat metric. In agreement with the notations of |58j . which we have 
adopted throughout our entire discussion, the spin connection 1-form is defined by the 
vanishing torsion equation: 

de 1 - u IJ A e K 7] JK = (4.2) 
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and the Riemann 2-form is normalized as follows: 



K AB = du AB - uj ai A u jb tiij = n AB PQ e p A e Q (4.3) 
so that the Ricci tensor is finally defined by: 

Ricbf , ee 7Z IM JM (4.4) 
By explicit calculation, from the above formulae (j4.2H4.4j) one obtains 

RicH 7 - -(n IN T K t S 4- n'^^rte.,/ / - - n PQ <n SM n ™, t 1 t N 
nic n j — Z\ T ns t jk + V V Vpnt q S t jm -7) r] rj JN r PS r QM 

, NK I S _ IN K S , PQ IM S N \ (Ars 

+ V T NJ T KS V T NJ T KS + V V VJN T ps T qm ) 1^4. 0) 

where we have included also the trace terms of type t s ps , which means that we have 
relaxed the area preserving condition (j3.6j) . In our case of interest, namely in compactifi- 
cations of M-theory the flat metric r] IJ is chosen to be the negative Euclidean metric: 

7] IJ = -5 IJ (4.6) 

This corresponds to the conventions of [58j and follows from the fact that the 11- 
dimensional signature was chosen mostly minus. When eq. fj4.6f) is adopted eq. (j4.5j) 
can be rewritten in a very convenient matrix form: 

K=l 

-1 E ^KJ^[r K ] + \ E TXjTtfo] - \ £ r J KI Tr[r K } (4.7) 

K=l K=l K=l 

where (ti) p = t a ib is the matrix representing the generator Tj in the adjoint representa- 
tion and YHk=i { t k t k) IJ denotes the matrix YUk l=i tI kl tJ kl- 

As we have extensively discussed in previous sections, the problem of establishing 
whether or not, there exist bona fide compactifications of M-theory on twisted tori with 
non trivial fluxes has been reduced, in the absence of sources, to the question whether or 
not, there exist 7-dimensional Lie algebras of weak G2 holonomy. Relying on the general 
representation of the Ricci tensor provided by eq. (j4.7j) we can now state our main negative 
result as the following: 

No go Theorem 4.1 There exists no real 7-dimensional metric Lie algebra G-j of weak 
G2 holonomy 

Proof 4.1.1 We prove this theorem in a series of steps by exhaustion of all possible 
cases. First let us explain the general strategy of the proof. Given a real Lie algebra G7 
identified, in any given basis of generators {T/-}, by its structure constants Tj K , normalized 
as in eq. (j3.5j) . a metric g on G7 is a bilinear, symmetric, non degenerate, negative definite 
2-form: 

< , > g : G®G^I (4.8) 
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As usual < , > g is determined by giving its values in a basis, namely on the generators 

<T I ,Tj> s =g IJ (4.9) 

By hypothesis the matrix gjj is symmetric (gu = gji), non-degenerate (detg 7^ 0) 
and negative definite, namely all of its eigenvalues are strictly negative (A/ < 0). The 
holonomy, in particular weak G2 holonomy, is a property of the metric, so that on the 
same algebra G7 there can be a metric gu with a certain holonomy and another one gu 
with a different holonomy The crucial observation, however, is that, once the signature 
of gu has been fixed (in our case the euclidean negative one), the choice of the metric 
is equivalent to a change of basis in the algebra. Indeed under the latter Tj — > A/ Xj, 
where det.4 7^ is a non degenerate real matrix, the metric changes as follows: 

g^g = ^ T g^l (4.10) 

and by means of a suitable real A we can always obtain gu = —8jj. As it is evident from 
its definition f)4.7|) also the Ricci form changes in the same way as the metric: 

Ric[r] -> Ric[r] = ^ T Ric[r]^ (4.11) 

So that, instead of considering the space of metrics on each given 7-dimensional Lie 
algebra G 7 , it is sufficient, fixing the metric to be the standard one, {i.e. gu = —o~u), 
to consider all possible Lie algebra bases, parametrized by the elements A G GL(7, M) of 
the general linear group in 7-dimensions. As we have recalled in previous sections, if the 
spin connection of a 7-manifold M.7 has weak G2-holonomy, namely if u IJ satisfies the 
defining condition ([3.1)1 . then the intrinsic Ricci tensor Ric 7 j = 1Z IA1 JM is automatically 
proportional to 5 1 j with a positive coefficient, namely it is a positive definite symmetric 
2-form. This observation provides a very severe necessary (although not yet sufficient 
condition) for weak G2 holonomy: the Ricci form of the candidate G7 Lie algebra, equipped 
with a negative definite metric g < should instead be positive definite Ric > 0. The 
value of this criterion is that it depends only on the choice of the algebra and not on the 
choice of the basis, or equivalently of the metric. So if we are able to prove that for all 
7-dimensional Lie algebras the Ricci form is never positive definite, then we have proved 
our theorem. 

As we anticipated, we proceed by exhaustion of all the possible cases, relying on the 
fundamental structural theorem by Levi which states that 

Levi Theorem 4.1 Any Lie algebra G of dimension dimG = n is the semidirect product 
of a semisimple Lie algebra L(G) of dimension dimL(G) = m, called the Levi subalgebra 
L(G) C G with a solvable ideal Rad(G) C G of dimension dimRad(G) = q so that 
n = m + q. The solvable ideal Rad(G) is named the radical of G 

For the proof of Levi's theorem we refer the reader to standard textbooks as [7T] or |72j . 
Applying it to our case we can just go by dimension of the radical, namely by values of q. 

(q = 0) This corresponds to the case when Rad(G 7 ) = 0, namely when G7 is semisimple. 
Yet there are no semisimple Lie algebras of dimension 7, so this case is already ruled 
out. 
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7) This is the extreme opposite case when the Levi subalgebra vanishes h(Gj) = 0, 
namely G7 is completely solvable. By definition this means that the first derivative 
of the algebra UG7 = [G7 , G7] is necessarily a proper subspace i.e. dimPG7 < 7. 
Henceforth we can write the following orthogonal decomposition of G7: 

G 7 = K © VG 7 (4.12) 

where dimK > 1. Let us accordingly subdivide the index range as it follows 
/ = {i, a} where i —, 1 . . . , dimK spans the 0- grading subspace while a = dimK + 
1 , . . . , 7 spans the ideal DG7. In these notations we have that the structure constants 
Tjj = vanish for all values of the lower indices I J. Considering next eq. (|4.7jl we 
can calculate the entries ij of the Ricci form. We immediately find: 

Ric^-^Tr ("T^Tf) ( 4 - 13 ) 

where by we have denoted the symmetric part of the adjoint matrix t^q rep- 
resenting the generator Tj G K . That eq. ([4.13|) is correct is easily understood by 
means of the following argument. The first two terms in the r.h.s of eq. ()4.7|) com- 
bine into the r.h.s of f)4.13|) . all the other terms vanish since the index i or j appears 
as choice of the upper index of t 1 jk . Hence if calculate the Ricci norm of a vector 
lying in the grading 0-subspace X = dTi we find that it is strictly non positive: 

VlGlo : Ric(X,X) = -^Tr < (4.14) 

This result suffices to prove that Ric cannot be a positive definite 2-form and to 
rule out also this case. 

2) Is ruled out because there are no semisimple Lie algebras of dimension 5 and 
hence the Levi subalgebra cannot exist for m = 7 — 2 

3) Is ruled out because there are no semisimple Lie algebras of dimension 4 and 
hence the Levi subalgebra cannot exist for m = 7 — 3 

5) Is ruled out because there are no semisimple Lie algebras of dimension 2 and 
hence the Levi subalgebra cannot exist for m = 7 — 5 

4) In this case the Levi subalgebra h(Gj) has dimension m = 3 and there are just 
two possible real simple algebras of that dimensions namely, either h(G 7 ) = SO (3) 
or L(G7) = SL(2,1R). In appendix iBl we classify by exhaustion all the seven dimen- 
sional algebras with Levi subalgebra either SO(3) (in subsection IB. II and relative 
subsubsections) or SL(2, K.) ~ SO(l,2) (in subsection IB. 21 and relative subsubsec- 
tions). For each of these algebras we calculate the Ricci form and we show that in 
every case it has indefinite signature (both positive and non positive eigenvalues) 
so that all cases are excluded. A general observation is that compact generators 
lead to non negative eigenvalues of the Ricci form while non compact semisimple or 
nilpotent generators lead to non positive ones. 
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(q = 1) In this case the Levi subalgebra is either of the following three cases: 



f SO(3) ©SO(3) ~ SO(4) 
L(G 7 ) = I SO(3) © SO(l, 2) (4.15) 
[SO(1,2)0SO(1,2)~SO(2,2) 

and the algebra is just the direct sum of its Levi subalgebra with its 1-dimensional 
radical since there are no 1-dimensional representations of except the singlet. 

Hence the Ricci form is block-diagonal 3 + 3 + 1 and the last generator, the singlet 
contributes a zero eigenvalue. Hence also this last case is excluded. 

This concludes the proof of our non go theorem. ■ 

Before ending the present section we present here a second formal proof of the main 
Theorem. The Ricci tensor Ric / j in our case is a symmetric 7x7 matrix. If it were 
positive definite, then, for any non-vanishing seven dimensional vector V we would have: 

V T RicV > (4.16) 

Below we show that there always exists a V ^ so that V T RicV < 0. This implies 
in turn that Ric / j cannot be positive definite and proves Theorem 14.11 Let us start 
considering the case in which the structure constants r are traceless t 1 jj = 0, which is 
relevant to the compactifications on twisted-tori studied in the literature. 



t 1 ji = case: Let us decompose Rad(G 7 ) as follows: 

Rad(G 7 ) = K + V(G 7 ) (4.17) 

and label by u, v — 1, . . . , dim(L(G 7 )) the generators of the Levi subalgebra, by i,j . . . the 
generators of K and by p, q . . . the generators of Rad(G 7 ). Then the only non-vanishing 
entries of t % jk are r % uv and a basis of L(G 7 ) can be chosen for which the following 
properties hold: 

1 uq 1 vq 1 up 1 vp \^ : '- LU J 

Let us compute the entries Ric*j. The (positive) contribution from the third term of (J4.7)) . 
namely (1/4) Y,l, P =i t *«p r % is cancelle d by an op posite contribution -\ YZ, p =i rP ™ rP «i 
coming from the first two terms, in virtue of eq. (J4.18|) . We are left with the following 
matrix: 

1 7 

Ric ^- = iE r % ( rP ^ + ^ ( 4 - 19 ) 

p,q=l 

Therefore, if we choose the following vector V: 

V = (0,...,0,^,0,...,0) (4.20) 
we have V T Ric V < and the Theorem is proven. 
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t 1 ji 7^ case: If h(Gf) is compact, the t u matrices are antisymmetric and Tr(r u ) = 0. 
Moreover, since the commutator of two elements of IK expands in nilpotent generators 
belonging to U^G?), whose trace therefore vanishes, we also have t k ij Tr(r^) = 0. In this 
case the terms in Ric*j depending on Tr(r/) do not contribute and thus we can choose 
the same seven-vector V as in ()4.2()j) to prove that Ric is not positive definite. 

In the case in which ~h(G 7 ) is a non-compact semisimple algebra, let us label by u a 
and u s the compact and non-compact generators respectively. We can have Tr(r„J ^ 
and the previous proof would not hold. Let us consider Ric"% s instead. The only non 
vanishing entries of r having one index u s are: 

T u a _ T v s . T P =r q I A 21) 

I U s V a 1 U a U a 1 ' U s q 1 U s p K^-^-LJ 

The contribution from the last three terms of ()4.7|) vanishes since it involves only Tr(r Ua ). 
The only positive term (the third) in (|4.7|) reads \ Yl u w =i r " ! u««) s rVs u a w s and it is can- 
celled by an opposite contribution from the first two terms. The remaining matrix is 
non-positive: Ric"% s < since it has contributions only from the first two terms and 
thus it suffices to choose the seven-vector V with non-vanishing entries only along the 
non-compact generators of the Levi subalgebra to have V T RicV < 0. 



5 Conclusions 

In this paper we have proved that no Lie group 7-manifolds of weak G2 holonomy do 
exist. We have also shown that the notion of weak G2 holonomy is identical with the 
notion of Englert 7-manifolds introduced and used in the literature on Kaluza Klein 
supergravity two decades ago. Our analysis rules out the possibility of introducing on 
a bosonic background a non trivial 4-form flux, and thus, in the light of the results 
obtained in [48J, it follows that on these solutions the minimal part of the FDA coincides 
with the algebra G7 gauged by the Kaluza-Klein vectors. The triviality of the 4-form 
flux on bosonic backgrounds was also found in jHUEEl- As a byproduct of our analysis we 
rule out also (unwarped, supersymmetric and non-supersymmetric) anti-de Sitter four 
dimensional vacua (Freund-Rubin) from M-theory compactifications on the so called 
"twisted" tori. Yet, as we have spelled out in the introduction, this no go theorem applies 
only to the case of the field equations of M-theory in the bulk, with no source terms 
(no M2 or M5 branes) and no warp factor. It is then obvious that the hunting ground is 
singled out by our analysis. One should 

a Repeat the cohomological analysis of papers [23 I2E 113 EI] and |1B] in the presence of 
a warp factor. 

b Analyze the extent to which a warp factor can cope for the absence of a Lie algebra of 
weak G2 holonomy 

c Analyze the extent to which the M2 and M5 brane contributions to the stress energy 
tensor can help in introducing consistent internal fluxes. 

These are the guidelines for any further investigation. 

It is also worth mentioning that a similar analysis for twisted tori compactifications 
of Type IIB theory is still missing and should certainly be considered. 
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A G2 formalism: notations and normalizations 



The group G2 is defined as the stability subgroup of an SO (7) spinor so that we have the 
branching rule: 

8^7 1 (A.l) 
Correspondingly the fundamental vector representation of SO (7): 

7^7 (A.2) 

remains instead irreducible. For this reason we begin by constructing a set of gamma 
matrices satisfying the SO (7) Clifford algebra in the form: 

biilj} = -2 5ij (A.3) 

The minus sign in eq. (|A.3)1 is due to our choice of a mostly minus metric in the conventions 
for M-theory, so that the internal 7-dimensions have a negative Euclidean metric. This 
has special advantages. Indeed with the choice (jA.3|) the gamma matrices are all real 
and antisymmetric. Indeed an explicit realization of this Clifford algebra, given by real 
antisymmetric matrices: 

ii =n ; i T i=-n (A.4) 

is given below: 
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Let e 1 be the vielbein of the considered 7-dimensional space. As it is well known we 
can construct a G2-invariant three-form (defining the G2-structure of the corresponding 
7-manifold) by writing: 



$ = lv T lim V e 1 A e J A e K = <p IJK r] e 1 A e J A e K 
o 



(A.6) 



(A.7) 



where r\ is the G2 invariant 8-component commuting spinor which, by choice of normal- 
ization, we take to be the following one: 

/ \ 








V 1 ) 

With this choice we can calculate the explicit expression of the G2 three-form and we 
obtain: 

$ = e 1 Ae 2 Ae 7 +e 1 Ae 3 Ae 5 -e 1 Ae 4 Ae 6 -e 2 Ae 3 Ae 6 -e 2 Ae 4 Ae 5 +e 3 Ae 4 Ae 7 +e 5 Ae 6 Ae 7 (A.8) 

The reader can observe that we have calibrated the form of our gamma matrices ()A.3j) in 
such a way that the expression for <3> coincides with that usually adopted in the mathe- 
matical literature on G-structures (see for instance jZHj)- The dual G2 invariant four-form 
is defined by: 



1 



$ * " 24 ^ llJKL V &I A 6 3 A ^ A ^ 



e 1 A e J A e K A e L 



j ijkl^ /NO "° "° (A-9) 
and its explicit expression is the following: 

= -e 1 A e 2 A e 3 A e 4 — e 1 A e 2 A e 5 A e 6 — e 1 A e 3 A e 6 A e 7 — e 1 A e 4 A e 5 A e 7 



-e 2 A e 3 A e 5 A e 7 + e 2 A e 4 A e 6 A e 7 - e 3 A e 4 A e 5 A e 6 



(A.10) 



The components of these invariant G2 forms are dual to each other since they satisfy the 
relation: ^ 

— qCIJKABCD 4>*ABCD = 4>IJK (A-H) 

Next we introduce the projection operators onto the 14 and the 7 dimensional represen- 
tations of G 2 . We recall that the adjoint of SO(7) splits in the following way with respect 
to the G2 subalgebra: 
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G 2 



14^ © 7 

djoint fundamental 



(A.12) 
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The adjoint of SO (7) is given by an antisymmetric tensor M IJ = —M JI whose decompo- 
sition is as follows: 

M IJ = M[( + M 7 /J (A. 13) 

The 14 part is defined by the G2 invariant condition: 

<P IJK M(f = (A. 14) 

Correspondingly the projector onto the 14 part of any antisymmetric tensor is given by: 

KL = l^L+^i JKL (A. 15) 

while the projector onto the 7 part is given by: 

1 

3 



P(r> KL = -J\L-^i JKL (a. 16) 



Applied onto the two representations the dual form <p I k JKL is a diagonal operator with two 
different eigenvalues: 

<f>l JKL M« L = ±M» 
6 

The expression of these projection operators and the calculation of the eigenvalues ()A.17j) 
was presented long time ago in [SI]. More recently appeared often in the literature on 
flux compactifications and specifically in [5D] . 

A.l A Fierz identity and the G2 decomposition of the 35 repre- 
sentation of SO (7) 

An important relation is provided by the following identity (see for instance [HHj ) : 



3 

J * VIJKX 



—4*°° *ijk + ±5f$ (A.18) 

which is used to perform the decomposition of the 35 representation of SO (7) into its 
irreducible G2 parts. 

The 35 representation of SO (7) is given by an antisymmetric tensor of rank three. We 
have: 



U 



UK 



(A.19) 



Alternatively, from the SO (7) point of view, an antisymmetric tensor can be seen as a 
traceless, symmetric bispinor. Indeed, we have that the 8x8 three-index gamma matrices: 

(iukU ( A - 2 °) 
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are symmetric and traceless. 

The decomposition of the 35 with respect to G 2 C SO (7) is as follows: 

35 27 © 7 © 1 (A.21) 

It is interesting and necessary for our goals to construct the projectors onto these repre- 
sentations. 

The singlet representation of G2 is given by the 3-tensors U IJK proportional to the 
G2-invariant 3-form, namely: 

It is therefore easy to write the projection operator onto the singlet: 

6 

T 

which has the property : 

'"(1) ABC <PUK 

Next we are interested in the projection operator onto the 7-representation. We 
observe that if we define the two operators: 



Utt K oc <P IJK (A.22) 



P&Fabc = ^abc<P UK (A.23) 



Pll) K ABC<t>UK = <t>ABC (A.24) 



K _ / $ ABC ~ ^4>i JKX 4>ABCX ( A 9^ 

both of them are projection operators. Indeed: 

{K T f = K T (A.26) 

Then we observe that defining: 

P(7) K abc = 24 <j>l JKX <t>\ BCX = K + (A.27) 

we have: 

P(7) abcP(i) ijk — (A. 28) 

and we deduce that indeed the operator in eq. (|A.27j) is the projection operator onto the 
7-dimensional representation. 

We consider next the projection operator onto the 2 7-representation. We set: 

P$t abc = 36 0i /J [AB ^ ] + 72 ti'KXfiutcx + y<Pabc<P IJK (A.29) 
Then we verify that: 

P ( 2 27) = P (27) ; P (27) P (1) =0 ; P (27) P (1) = (A.30) 
Moreover thanks to the Fierz identity (jA.18|) we have: 

P(27)+P(7)+P(l) = 1 (A.31) 

In this way we have verified that the three projectors perform a splitting of the 35 repre- 
sentation of SO (7) into three orthogonal subspaces corresponding to the three irreducible 
representations of G 2 . 
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A. 2 Spinorial description of the 27 representation 

As we have already recalled the group G2 is defined as the stability subgroup of an SO (7) 
spinor (see eq. (|A.1J) ). The fundamental vector representation of SO (7) remains instead 
irreducible (see eq. flA.2j) ). The same happens for the symmetric tensor representation of 
SO (7). A symmetric traceless two-tensor of SO (7): 



M u ~\_\_J ; M IJ = Mjj ; Mjj = (A.32) 



has 27 independent components and constitutes an irreducible representation. Under G2 
reduction this representation remains irreducible: 

27 27 (A.33) 

so that the 27 of G2 has an alternative simpler description in terms of a symmetric 
traceless tensor. What is the relation between this and the previous description? It is as 
usual provided by gamma matrices. Let us see. 

The result of our previous discussion is that an irreducible 27 representation of G2 is 
provided by an antisymmetric tensor U%f K satisfying the two G2 invariant constraints: 

= ti^Vffi 

= <j) ABC U$f (A.34) 

which respectively eliminate the 7 and 1 irreducible representations. 

Let us now consider the spinor index a = 1, . . . , 8 of SO(7) and split it as follows: 

a={^ = 1 '---' 7 (A.35) 

which corresponds to the branching rule (jA.lj) . Correspondingly, the symmetric, traceless 
8x8 matrices ()A.20j) split as follows: 



iif = i t5£ (a-36) 

where 

TJK TJK /a o 7 \ 

Iaa = -7 8 8 (A.37J 

follows from rfjn^ being traceless. 

The decomposition ()A.36|) is the decomposition of the 35 representation of SO (7) into 
its 27, 7 and 1 components with respect to G^- Indeed we have that: 

^ K = H 1JK (A.38) 

while: 

tdUK „,abc TJK ( a Qn \ 

p (7) abc Its =7ts (A.39) 
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Finally denning the traceless matrices: 



W J A K = i^ Y K - l -5 XYl I T J T K (A.40) 



we can verify that: 

L (27) ABC vv XY 

which proves what we just stated. 



Ptif AB C W^ C = W I x J y K (A.41) 



A. 3 The representation 64 

Let us now define the representation 64 of G 2 . 

In the case of SO (7) we can consider an irreducible traceless tensor with gun symmetry 



H ~ 

AC 



B 

The tensor H is antisymmetric in AB: 



(A.42) 



H a c = - H b c (A.43) 

B 

fulfills the cyclic identity: 

H AC+ H CB+ H BA =0 (A.44) 

B A C 

and it is traceless: 

H A B = (A.45) 

B 

The independent components of such a tensor are 105 and they constitute an irreducible 
representation of SO (7). The branching rule of this representation with respect to G 2 is 
the following one: 

105 ^64 + 14 + 1 (A.46) 

How do we understand it? In the following way. Given the tensor H, by means of the G 2 
invariant form we can define the following matrix: 

C AB = <p AIJ H j B (A.47) 
j 

Decomposing this matrix into its symmetric and antisymmetric parts: 

Aab = - (Cab — Cba) 

Sab = \ {C AB + C BA ) (A.48) 
25 



we can easily verify that: 

^(14) Ah 

Saa = (A.49) 



P(U) AB-Au — Aab 



This shows that imposing the constraint: 



= (j) AI jH . _ (A.50) 



/ B 
J 



is just necessary and sufficient to remove the 27 and 14 irreducible representation of G2 
and leave a pure 64 representation. In other words a pure 64 tensor is a tensor Habc 
satisfying all the constraints (IA.43I) . (IA.44D . (IA.45D and (IA.50jl . 



B 7- dimensional Lie algebras G7 with dim Rad(G7) = 4 

In this appendix we describe the explicit structure of those 7-dimensional Lie algebras 
whose Levi subalgebra has dimension 3, or, equivalently the radical has dimension 4. 

B.l Algebras G7 with Levi subalgebra L,(G>?) = SO (3) 

The bosonic representations of SO (3), namely the representations j = n G Z + are real, 
but, due their dimensionality 2j + 1 they are all odd dimensional. Hence the only bosonic 
real representations of SO (3) with dim = 4 are either four singlets leading to a radical of 
the following form 

Rad(G 7 ) = i©i©i©i (b.i) 

or one singlet plus one triplet leading to a radical of the following form: 

Rad(G 7 ) = 1 © 3 (B.2) 

B.l.l The case of a triplet plus a singlet 

In case (|B.2|) naming the seven generators as follows: 

{Ji,J2,J 3 ,W 1 ,W 2 ,W 3 ,Z} (B.3) 

where J x are the SO (3) generators and W x the triplet generators, while Z is the singlet, 
the most general form of the commutation relations is the following one: 





^xyz J z 


[J*, Wy] 


= Cxyz W z 


[J* , z] 


= 


[W x , Wy] 


= 


[z, wy 


= lW x 
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We name this algebra so3w3 + 1 and calculating its Ricci form we obtain: 



Ric 



so3«j3+1 
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■1 
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(B.5) 



which has both positive and negative eigenvalues, leading to the conclusion that this 
algebra is ruled out as a candidate for weak G2 holonomy. 



B.1.2 The case of 4 singlets 

In this case the algebra G7 is not the semidirect product of its Levi subalgebra with its 
radical but just the direct sum of the same: 

G 7 = SO(3) © Rad ( G 7 ) (B.6) 

Correspondingly the Ricci form is just block diagonal 3 + 4. The contribution of the Levi 
algebra SO(3) is just a positive definite matrix, actually \ x l 3x3 , while, by definition, 
Rad(Gr) is a completely solvable 4-dimensional Lie algebra. Then, for Rad(G7), it is true 
what in the main text we already proved for any solvable Lie algebra (see eq.s (J4.12j) . (|4.13l 
and related text), namely that the Ricci form has at least one non-positive eigenvalue. 
By means of this argument also this case is excluded, leading to an overall Ricci form non 
positive definite. It remains to analyze the last case. 



B.1.3 The algebra so3w4 

This Lie algebra is the semidirect product of the rotation algebra SO (3) with its only 
available real 4-dimensional irreducible representation, namely the real transcription of 
the j — \ spinor representation. The reasoning leading to this algebra is the following 
one. It remains the case of spinor representations j = § with n 6 Z + . These are all 
complex representations and they can be transcribed as real representations in twice their 
complex dimensions namely in 4j + 2 dimensions. Hence the only possibility is j = |. 

To this effect we consider the 4 x 4 't Hooft matrices which constitute two triplets of 
either self-dual or antiself dual SO (3) generators, that commute with each other: 



T ±l* 
J ij 


— Jj- : x — 1, 2, 3 ; 


i,j = 1,2,3,4 


t±I* 


— A- 1 *: T ± I :E 

— 3= 2 tijkl O ki 




[J*!*, 3 ±ly ] 


= e %yz j±\z 




[J ±|x , 3 Tly ] 


= 





Then we introduce a basis of generators for the Lie algebra so3w4 named as follows: 

Ti = {J x , Wi} = { Ji, J 2 , J 3 , W lf W 2 , W 3 , W,} = {J x , Wi} (B.8) 
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and the only possible commutation relations are the following ones: 



[J x , J y ] 

[r , w*\ 



c xyz jz 







(B.9) 



where 

f (1,0) or 

(a,P) = { (1,1) or (B.10) 
1(0,1) 

Indeed the 4-dimensional radical has necessarily to be abelian, since there is no SO (3) 
invariant three index tensor in the spinor representation, or to say it differently the tensor 
cube of the j — \ representation does not contain the singlet. 

An explicit representation of the 't Hooft matrices is the following one: 



J+\- 



J+l : 
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(B.11) 



and it can be used to perform an explicit calculation of the Ricci form via eq. (J4.7I ). In 
the three cases provided by eq.s (jB.9|) and (|B.10|) we obtain three times the same result, 
namely: 



Ric 



so3w4 
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o\ 
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(B.12) 



This shows that for this algebra the Ricci form is degenerate and has 4 vanishing eigen- 
values. It can be discarded as a candidate for weak G2 holonomy. 
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B.2 Lie algebras G7 with Levi subalgebra h(Gj) = so(l,2) 



These Lie algebras are the semidirect product of the pseudo rotation algebra S0(l,2) 
with a four dimensional solvable Lie algebra £4 which must carry a real representation of 
S0(1, 2). Here the situation is different from the case of the compact Levi algebra SO(3) 
since the two dimensional representation of SO(l, 2) can be chosen real and identified with 
the defining representation of SL(2,R). Hence we have the following subcases, depending 
on the representation assignments of the <S 4 radical: 

a) S 4 = 4 

b) S 4 = 2 © 2 

c) S 4 = 2 © 1 © 1 

d) S 4 = 1©1©1©1 

where 1 denotes the singlet representation, 2 denotes the j — \ representation and 4 
denotes the irreducible j — \ representation. Let us discuss these four cases separately. 



B.2.1 a) The irreducible case a 

Here the structure of the Lie algebra is completely fixed. Let 



Ai = 



/§ 
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\0 








\ 




-§/ 



A, 



/o 
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\0 
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0/ 



(B.13) 



A, = 



/ 





V 
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o\ 


1 

2 
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be the generators of SO(l,2) in the irreducible j — | representation which corresponds 
to the 3-times symmetric tensor product of the fundamental j = 1 representation: 



Ai 



A, 



A, 



\ 



;b.i4) 







1 

2 



Naming f x the structure constants of the SO(l,2) simple Lie algebra: 

[Jy, = f X y Z Jz ', [Ay, Ag] = f X y Z A Z ] [Xy, Aj = f X y Z \ Z 

the only Lie possible Lie algebra corresponding to this case is given by: 



;b.is) 



[Jx , Jy] 
[Jx , Wi] 

m , Wj] 



f yz J 

(A,)/ W j 




where J x (x = 1,2,3) are the generators of SO(l,2) and Wi (i 
generators spanning the j = | representation. We name the above algebra 
we order the seven generators in the following way: 

{Jl,J2,J3,Wx,W 2 ,W 3 ,W4} 

we can evaluating the Ricci form by means of the formula ()4.7|) and we find: 



(B.16) 
1,2,3,4) are the 



;b.i7) 
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As we see, also in this case the Ricci form has both positive and negative eigenvalues, so 
also w4sol2 is ruled out as a candidate for weak G2 holonomy. 



B.2.2 b) The case of two doublets 

In this case the Lie algebra is also completely fixed by the choice of the representations. 
The seven generators are arranged into one triplet J x (x = 1,2,3), corresponding to 
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the adjoint representation and two doublets W a and U a 
relations are: 



a 



1,2). The commutation 



[Jx ; Jy\ 


rx jz 
— J yz J 


[Jx , W a ] 


= {K)!Wp 


[Jx i U a ] 


= (^Up 


[W a , Wp] 


= 


[U a , Up] 


= 


[W a , Up] 


= 



(B.19) 



where the matrices X x were defined in eq. (|B.14|) and the SO(l, 2) structure constants in 
(|B.15)I . We name the above algebra sol2w2u2. Arranging the generators in the following 
order: 

{Ji,J 2 ,J3,W 1 ,W 2 ,U 1 ,U 2 } (B.20) 
The calculation of the Ricci form yields: 



Ric 



sol2w2u2 
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(B.21) 



We have positive, negative and null eigenvalues. Hence also this algebra is ruled out. 



B.2.3 c) The case of one doublet and two singlets. 

With these representation assignments there is more than one algebra which is possible. 
So we have to study a few subcases. Let us name J x the triplet generators and W a the 
doublet ones. The remaining two, we can call Z and U. The following commutation 
relations are fixed by the representation assignments: 

[Jx i Jy] 
[Jx, W a ] 
[Jx , U] 
[Jx , Z] 

For the remaining commutators we have a bifurcation. We can decide that the doublet 
generators are not abelian, rather, together with one of the singlet, let us say Z, they 
form a nilpotent algebra. This is possible because the antisymmetric square of the j = \ 
representation contains the singlet. Hence we can write: 

[W a ,Wp]=e aP Z (B.23) 



/ 

(A 





X JZ 

yz J 



Wa 



(B.22) 
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If we choose this path then the most general commutation relations with the last generator 
U are fixed by Jacobi identities and are the following one: 



[U, W a ] 
[U,Z] 



qW a 
2qZ 



(B.24) 

The algebra defined by the commutation relations (jB.22|B.23|B.24j) we name sol2w2uz 
and we can calculate its Ricci form by arranging its generators in the following order: 



{J 1 ,J 2 ,J 3 ,W 1 ,W 2 ,Z,U} 



(B.25) 



The result is: 
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;b.26) 



By explicit inspection we see that irrespectively of the value of q, the signature of the 
Ricci form is indefinite including both positive and negative eigenvalues. Hence also this 
case has to be discarded. 

The other possibility for a Lie algebra with the chosen representation assignments is 
realized by keeping eq. (jB.22|) and replacing eq. (jB.23|) with: 

[W a ,W P ] = (B.27) 

At the same time we can replace eq. (jB.24|) with 

[U,W a ] = q 2 W a 
[Z,W a ] = q x W a 
[U,Z] = (B.28) 

The algebra defined by eq.s (|B.22IB.27IB.28|) . we name sol2w2qlq2. We can calculate 
its Ricci form by arranging its generators in the same order (jB.25|) as above. The result 
is given below: 
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(B.29) 

As we see also this Ricci form has indefinite signature. It has both positive and negative 
eigenvalues and also a null eigenvalue. Hence also this case has to be discarded. 
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B.2.4 d) The case of four singlets 



This case is easily disposed of. If four of the seven generators are singlets, then it means 
that our algebra is actually the direct product of the Levi subalgebra S0(l,2) which by 
itself has already an indefinite Ricci form with a completely solvable subalgebra for which 
the Ricci form has at least one negative eigenvalue as we have proved in the main text. 
Indeed for direct product algebras the Ricci form is obviously block diagonal. So all such 
cases are automatically excluded. 



References 

[1] J. Scherk and J. H. Schwarz, How To Get Masses From Extra Dimensions Nucl. 
Phys. B 153 (1979) 61. 

[2] S. Sethi, C. Vafa and E. Witten, Constraints on low- dimensional string compactifi- 
cations Nucl. Phys. B 480 (1996) 213 larXiv:hep-th/9606122| . 

[3] N. Kaloper and R. C. Myers, The O(dd) story of massive supergravity JHEP 9905 

(1999) 010 |arXiv:hep-th/9901045| . 

[4] S. Gukov, C. Vafa and E. Witten, CFT's from Calabi-Yau four-folds Nucl. Phys. B 
584 (2000) 69 [Erratum-ibid. B 608 (2001) 477] |arXiv:hep-th/9906070| . 

[5] K. Becker and M. Becker, Compactifying M-theory to four dimensions JHEP 0011 

(2000) 029 |arXiv:hep-th/0010282|; K. Becker and M. Becker, Supersymmetry break- 
ing, M-theory and fluxes JHEP 0107 (2001) 038 |arXiv:hep-th/0107044|. 

[6] G. Curio and A. Krause, Four-flux and warped heterotic M-theory compactifications 
Nucl. Phys. B 602 (2001) 172 |arXiv:hep-th/0012152| . 

[7] S. B. Giddings, S. Kachru and J. Polchinski, Hierarchies from fluxes in string com- 
pactifications Phys. Rev. D 66 (2002) 106006 |arXiv:hep-th/0105097| . 

[8] S. Kachru, M. B. Schulz and S. Trivedi, Moduli stabilization from fluxes in a simple 
IIB orientifold JHEP 0310 (2003) 007 |arXiv:hep-th/0201028| . 

[9] A. R. Frey and J. Polchinski, N = 3 warped compactifications Phys. Rev. D 65 (2002) 
126009 |arXiv:hep-th/0201029| . 

[10] R. D'Auria, S. Ferrara and S. Vaula, N = 4 gauged supergravity and a IIB orientifold 
with fluxes New J. Phys. 4 (2002) 71 |arXiv:hep-th/ 020624T| . 

[11] A. Dabholkar and C. Hull, Duality twists, orbifolds, and fluxes JHEP 0309 (2003) 
054 [arXiv:hep-th/0210209| . 

[12] S. Gurrieri, J. Louis, A. Micu and D. Waldram, Mirror symmetry in generalized 
Calabi-Yau compactifications Nucl. Phys. B 654 (2003) 61 |arXiv:hep-th/0211102| . 



33 



G. L. Cardoso, G. Curio, G. Dall'Agata, D. Lust, P. Manousselis and G. Zoupanos, 
Non-Kaehler string backgrounds and their five torsion classes Nucl. Phys. B 652 
(2003) 5 |arXiv:hep-th/0211118| . 

S. Kachru, M. B. Schulz, P. K. Tripathy and S. P. Trivedi, New supersymmetric 
string compactifications JHEP 0303 (2003) 061 |a rXiv:hep-th/0211182| . 

J. P. Gauntlett, D. Martelli and D. Waldram, Superstrings with intrinsic torsion 
Phys. Rev. D 69 (2004) 086002 |arXiv:hep-th/0302158| . 

R. D'Auria, S. Ferrara, F. Gargiulo, M. Trigiante and S. Vaula, N = 4 supergravity 
Lagrangian for type IIB on T**6/Z(2) in presence of fluxes and D3-branes JHEP 



0306 (2003) 045 arXiv:hep-th/0303049 



K. Becker, M. Becker, K. Dasgupta and S. Prokushkin, Properties of heterotic vacua 
from superpotentials Nucl. Phys. B 666 (2003) 144 |arXiv:hep-th/0304001| . 

C. Angelantonj, S. Ferrara and M. Trigiante, New D = 4 gauged supergravities from 
N = 4 orientifolds with fluxes JHEP 0310 (2003) 015 jarXiv:hep-th/0306185| . 

S. Fidanza, R. Minasian and A. Tomasiello, Mirror symmetric S\J (3) -structure man- 
ifolds with NS fluxes Commun. Math. Phys. 254 (2005) 401, |arXiv:hep-th/0311122| 

B. de Wit, H. Samtleben and M. Trigiante, Maximal supergravity from IIB flux com- 
pactifications Phys. Lett. B 583 (2004) 338 |arXiv:hep-th/0311224| . 

C. Angelantonj, R. D'Auria, S. Ferrara and M. Trigiante, K3 x T**2/Z(2) orientifolds 
with fluxes, open string moduli and critical points Phys. Lett. B 583 (2004) 331 
|arXiv:hep-th/0312019| . 

M. Grana, R. Minasian, M. Petrini and A. Tomasiello, Supersymmetric 
backgrounds from generalized Calabi-Yau manifolds JHEP 0408 (2004) 046 
|arXiv:hep-th/0406137| . 

G. Villadoro and F. Zwirner, The minimal N = 4 no-scale model from generalized 
dimensional reduction JHEP 0407 (2004) 055 larXiv:hep-th/ 0406185| . 

J. P. Derendinger, C. Kounnas, P. M. Petropoulos and F. Zwirner, Superpoten- 
tials in IIA compactifications with general fluxes Nucl. Phys. B 715 (2005) 211 
|arXiv:hep-th/0411276| . 

G. Dall'Agata and S. Ferrara, Gauged supergravity algebras from twisted tori com- 
pactifications with fluxes Nucl. Phys. B 717 (2005) 223 |arXiv:hep-th/0502066| . 

L. Andrianopoli, M. A. Lledo and M. Trigiante, The Scherk-Schwarz mecha- 
nism as a flux compactification with internal torsion JHEP 0505 (2005) 051 
|arXiv:hep-th/0502083| 

C. M. Hull and R. A. Reid-Edwards, Flux compactifications of string theory on twisted 
tori J. Sci. Eng. 1 (2004) 411 larXiv:hep-th/0503114| . 



34 



[28] G. Dall'Agata, R. D'Auria and S. Ferrara, Compactifications on twisted tori 
with fluxes and free differential algebras Phys. Lett. B 619 (2005) 149 
|arXiv:hep-th/050312"2| . 

[29] R. D'Auria, S. Ferrara and M. Trigiante, E(7)(7) symmetry and dual gauge 
algebra of M-theory on a twisted seven-torus Nucl. Phys. B 732 (2006) 389 
|arXiv:hep-th/0504108| . 

[30] A. Franzen, P. Kaura, A. Misra and R. Ray, Uplifting the Iwasawa 
|arXiv:hep-th/0506224| 

[31] R. D'Auria, S. Ferrara and M. Trigiante, Curvatures and potential of M-theory in D 
= 4 with fluxes and twist JHEP 0509 (2005) 035 |arXiv:hep-th/0507225| . 

[32] M. Grana, Flux compactifications in string theory: A comprehensive review, j 
|arXiv:hep-th/0509003| ] 

[33] G. Dall'Agata and N. Prezas, Scherk-Schwarz reduction of M-theory on G2-manifolds 
with fluxes JHEP 0510 (2005) 103 |arXiv:hep-th/0509052| . 

[34] R. D'Auria, S. Ferrara and M. Trigiante, Super symmetric completion of M- 
theory J^D-gauge algebra from twisted tori and fluxes JHEP 0601 (2006) 081 
larXiv:hep-th/0511158| . 

[35] K. Behrndt, M. Cvetic and T. Liu, Classification of supersymmetric flux vacua in M 
theory |arXiv:hep-th/0512032| 

[36] R. D'Auria, S. Ferrara and M. Trigiante, Spontaneously broken supergravity: Old and 
new facts |arXiv:hep-th/ 0512248 , 

[37] G. Dall'Agata and S. Ferrara, Updates in local supersymmmetry and its spontaneous 
breaking arXiv:hep-th/0601138 

[38] L. Andrianopoli, R. D'Auria, S. Ferrara, M. Lledo Gauging of flat groups in Four 
dimensional Supergravity JHEP 0207, 010 (2002) (hep^th/0203206| 

[39] L. Andrianopoli, R. D'Auria, S. Ferrara, M. Lledo Duality and Spontaneously broken 
Supergravity in Flat Backgrounds Nucl. Phys. B640 (2002) 63 |hep-th/0204145| 

[40] F. Cordaro, P. Fre, L. Gualtieri, P. Termonia, M. Trigiante, N=8 gaugings revisited: 
an exhaustive classification Nucl.Phys. B532 (1998) 245-279, |hep-th/9804056[ 

[41] B. de Wit and H. Nicolai, "N=8 Supergravity With Local SO(8) X SU(8) Invariance," 
Phys. Lett. B 108 (1982) 285. 

[42] C. M. Hull, "Noncompact Gaugings Of N=8 Supergravity," Phys. Lett. B 142 (1984) 
39. 

[43] B. de Wit, H. Samtleben and M. Trigiante, On Lagrangians and gaugings of maximal 
supergravities Nucl. Phys. B 655 (2003) 93 |arXiv:hep-th/0212239| . 

35 



[44] L. Andrianopoli, F. Cordaro, P. Fre, L. Gualtieri, Non-Semisimple Gaugings of D=5 
N=8 Supergravity and FDA.s Class. Quant. Grav. 18 (2001) 395-414, [ hep-th/0009048| 
L. Andrianopoli, F. Cordaro, P. Fre, L. Gualtieri, Non-Semisimple Gaugings of D=5 
N=8 Supergravity Fortsch.Phys. 49 (2001) 511-518, |hep-th/0012203] 

[45] B. de Wit, H. Samtleben and M. Trigiante, The maximal D = 5 supergravities Nucl. 
Phys. B 716 (2005) 215 iarXiv:hep-th/0412173| . 

[46] D. Sullivan Infinitesimal computations in topology Bull, de l'Institut des Hautes 
Etudes Scientifiques, Publ. Math. 47 (1977) 

[47] R. D'Auria and P. Fre, Geometric supergravity in D=ll and its hidden supergroup 
Nucl. Phys. B201 (1982) 101. 

[48] P. Fre, M-theory FDA, Twisted Tori and Chevalley Cohomology to appear on Nucl. 
Phys. ArXiv |Eep^th 0510068| 

[49] P. Fre, Comments on the 6-index photon in D=ll supergravity and the gauging of 
free differential algebras, Class. Quant. Grav. 1 (1984) L81. 

[50] A. Bilal, J. P. Derendinger, K. Sfetsos, (Weak) G2 Holonomy from self duality, flux 
and supersymmetry Nucl. Phys. B628 (2002) 112, ArXiV hep-th 011274 

[51] R. D'Auria, P. Fre On the Fermion Mass Spectrum of Kaluza Klein Supergravity 
Ann. of Physics 157, 1, (1984) 

[52] R. D'Auria, P. Fre Universal Bose-Fermi mass-relations in Kaluza-Klein supergravity 
and harmonic analysis on coset manifolds with Killing spinors Annals of Physics 162 
, 372, (1985). 

[53] L. Castellani, R. D'Auria, P. Fre Supergravity and super strings: a geometric perspec- 
tive, World Scientific, Singapore 1991. 

[54] P.G.O. Freund and M.A. Rubin, Dynamics of Dimensional reductionPhys. Lett. B97 
(1980) 233 

[55] M.J. Duff, B.E.W. Nisson and C.N. Pope Kaluza Klein Supergravity Phys. Repv. 
130 (1986) 1 

[56] A. Casher, F. Englert, H. Nicolai and M. Rooman The mass spectrum of Supergravity 
on the round seven sphere Nucl. Phys. B243 (1984) 173 

[57] M. A. Awada, M. J. Duff and C. N. Pope, N = 8 Supergravity Breaks Down To N = 
1 Phys. Rev. Lett. 50 (1983) 294. 

[58] L. Castellani, R. D'Auria, P. Fre SU(3) x SU(2) x U(l) from D=ll supergravity 
Nucl. Phys. B239 (1984) 610. 



36 



R. D'Auria, P. Fre and P. van Nieuwenhuizen, N=2 Matter Coupled Supergravity 
From Compactification On A Coset G/H Possessing An Additional Killing Vector 
Phys. Lett. B 136 (1984) 347. 

L. Castellani and L. J. Romans, N=3 And N=l Supersymmetry In A New Class Of 
Solutions For D = 11 Supergravity Nucl. Phys. B 238 (1984) 683. 

L. Castellani, L.J. Romans and N.P. Warner A classsification of Compactifying so- 
lutions for D=ll Supergravity Nucl. Phys. B241 (1984) 429 

P. Kaste, R. Minasian and A. Tommasiello Supersymmetric M-theory compactifica- 
tions with fluxes on seven manifolds with G-structures XXX. . . ArXiv hep-th/0303127 

E. Cremmer and B. Julia Supergravity Theory in eleven dimensions, Phys Lett. B76 
(1978) 409, The SO(8) supergravity Nucl. Phys. B159 (1979) 141. 

R. D'Auria and P. Fre, Geometric supergravity in D=ll and its hidden supergroup 
Nucl. Phys. B201 (1982) 101. 

F. Englert Spontaneous compactification of 11- dimensional supergravity Phys. Lett. 
B119 (1982) 339 

M. Billo, D. Fabbri, P. Fre, P. Merlatti and A. Zaffaroni, Shadow multiplets in 
AdS(4)/CFT(3) and the super-Higgs mechanism Nucl. Phys. B 591 (2000) 139 
|arXiv:hep-th/000522"0| . 

M. Billo, D. Fabbri, P. Fre, P. Merlatti and A. Zaffaroni, Rings of short N = 3 
superfields in three dimensions and M-theory on AdS(4) x N (0,1,0) Class. Quant. 
Grav. 18 (2001) 1269 |arXiv:hep-th/0005219| . 

P. Fre', L. Gualtieri and P. Termonia, The structure of N = 3 multiplets in AdS(4) 
and the complete Osp(3 — 4) x SU(3) spectrum of M-theory on AdS(4) x N (0,1,0) 
Phys. Lett. B 471 (1999) 27 |arXiv:hep-th/9909188| . 

D. Fabbri, P. Fre', L. Gualtieri, C. Reina, A. Tomasiello, A. Zaffaroni and A. Zampa, 
3D superconformal theories from Sasakian seven-manifolds: New nontrivial evidences 
for AdS(4)/CFT(3) Nucl. Phys. B 577 (2000) 547 |arXiv:hep-th/9907219| . 

D. Fabbri, P. Fre, L. Gualtieri and P. Termonia, M-theory on AdS(4) x M(lll): The 
complete Osp(2\4) x SU(3) x SU(2) spectrum from harmonic analysis Nucl. Phys. B 
560 (1999) 617 |arXiv:hep-th/9903036| . 

N. Jacobson Lie Algebras Dover Publications Inc. ,New York 1962. 

V.S. Varadarajan Lie Groups, Lie Algebras, and Their representations, Springer Ver- 
lag, Gradaute texts in Mathematics, New York 1974, 1984. 

[73] S. Chiossi, S. Salamon The intrinsic torsion of SU(3) and G2 structures ArXiv 
|math.DG/0202282| 



37 



